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Problem Set 2

This second problem set is all about induction and its sheer breadth of applications. By the time
you're done with this problem set, you will have a much deeper understanding of how to think in-
ductively.

As always, please feel free to drop by office hours, visit Piazza, or send us emails if you have any
questions. We'd be happy to help out.

This problem set has 30 possible points. It is weighted at 4% of your total grade.

Good luck, and have fun!

Checkpoint Questions Due Monday, October 6 at 2:15 PM
Remaining Questions Due Friday, October 10 at 2:15 PM
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Write your solutions to the following problems and submit them electronically on Scoryst by this Monday,
October 6th at the start of lecture. As before, these problems are graded on a 0/1/2 scale based on whether
or not you have made a good, honest effort to complete the problems. We will try to get these problems
returned to you with feedback on your proof style this Wednesday, October 8th.

Please make the best effort you can when solving this problem. We want the feedback we give you on
your solutions to be as useful as possible, so the more time and effort you put into them, the better we'll
be able to comment on your proof style and technique.

Checkpoint Question: Recurrence Relations (2 Points if Submitted)
A recurrence relation is a recursive definition of the terms in a sequence. Typically, a recurrence relation
specifies the value of the first few terms in a sequence, then defines the remaining terms from the previous
terms. For example, the Fibonacci sequence can be defined by the following recurrence relation:

F0 = 0

F1 = 1

Fn+2 = Fn + Fn+1

The first terms of this sequence are F0 = 0, F1 = 1, F2 = 1, F3 = 2, F4 = 3, F5 = 5, F6 = 8, etc.

Some recurrence relations define well-known sequences. For example, consider the following recurrence
relation:

a0 = 1

an+1 = 2an

The first few terms of this sequence are 1, 2, 4, 8, 16, 32, …, which happen to be powers of two. It turns
out that this isn't a coincidence – this recurrence relation perfectly describes the powers of two.

i. Prove by induction that for any n ∈ ℕ, we have an = 2n.

Minor changes to the recursive step in a recurrence relation can lead to enormous changes in what num-
bers are generated. Consider the following two recurrence relations, which are similar to the an sequence
defined above but with slight changes to the recursive step:

b0 = 1
bn+1 = 2bn – 1

c0 = 1
cn+1 = 2cn + 1

ii. Find non-recursive definitions for bn and cn, then prove by induction that your definitions are cor-
rect.

Finding non-recursive definitions for recurrences (often called “solving” the recurrence) is useful in the
design and analysis of algorithms. Commonly, when trying to analyze the runtime of an algorithm, you
will arrive at a recurrence relation describing the runtime on an input of size n in terms of the runtime on
inputs of smaller sizes. Solving the recurrence then lets you precisely determine the runtime. To learn
more, take CS161, Math 108, or consider reading through Concrete Mathematics by Graham, Knuth, and
Patashnik.
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The remainder of these problems should be completed and
submitted online by Friday, October 10th at the start of class.

Problem One: Medicine Half-Lives (3 Points)
A doctor has prescribed a patient medicine that is absorbed into the bloodstream. The medicine has a
half-life of one hour, meaning that each hour, half of the medicine in the patient's bloodstream will be re -
moved by her body. For example, if the patient had 5mg of the medicine in her bloodstream at 6:00PM,
then at 7:00PM she would have 2.5mg of the medicine in her bloodstream.

Suppose that the doctor gives the patient 1mg of the medicine at the start of every hour, all of which is
immediately absorbed into her bloodstream. You are concerned because each time the patient receives a
dose, some amount of the medicine from the previous doses will still be left in her bloodstream. Wouldn't
this give the patient a dangerous amount of medicine?

Fortunately,  now that  you've taken  a  course in  discrete  math,  you can determine exactly  how much
medicine will be in the patient's bloodstream, which will help you determine whether she will ever have a
dangerous amount of the medicine in her blood.

Let c  ₙ denote the amount of active medication in the patient's body n hours after the first dose has been
administered. The first dose is 1mg, so  c₀ = 1mg. One hour later, half of the medicine will have been
cleared from her bloodstream, leaving 0.5mg, and the patient will receive 1mg more medicine, bringing
the total up to 1.5mg. Thus c₁ = 1.5mg. An hour after that, half that medicine will have been cleared from
her bloodstream, leaving 0.75mg of medicine in her bloodstream, and the patient will then receive an-
other 1mg of medicine, bringing the total up to 1.75mg. Thus c₂ = 1.75mg.

i. Write a recurrence relation for c  ₙ along the lines of the recurrence relations from the checkpoint
problem.

ii. Using your recurrence relation from part (i), prove, by induction, that  c  ₙ = (2 – 1/2n)mg for all
n ∈ ℕ. This proves that the patient will never have more than 2mg of medicine in her bloodstream,
even if she continues to take 1mg doses every hour.

Problem Two: The Power Set Revisited (3 Points)
Cantor's theorem says that every set is strictly smaller than its power set, but it doesn't actually say how
big the power set of a set has to be.

Prove by induction that if S is a finite set, then |℘(S)| = 2|S|.
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Problem Three: Tiling with Triominoes (3 Points)*

Recall from Problem Set One that a right triomino is an L-shaped tile that looks like this:

Suppose that you are also given a square grid of size 2n × 2n and want to tile it with right triominoes by
covering the grid with triominoes such that all triominoes are completely on the grid and no triominoes
overlap. Here's an attempt to cover an 8 × 8 grid with triominoes, which fails because not all squares in
the grid are covered:

Amazingly, it turns out that it is always possible to tile any 2n × 2n grid that's missing exactly one square
with right triominoes. It doesn't matter what n is or which square is removed; there is always a solution to
the problem. For example, here are all the ways to tile a 4 × 4 grid that has a square missing:

Prove by induction that any 2n × 2n grid with one square removed can be tiled by right triominoes. (Hint:
Split the board up into four smaller boards.)

Problem Four: A Lot of Rocks? (2 Points)
Let's say that a lot of rocks is a number of rocks that isn't zero (surely, zero rocks is not a lot of rocks) and
where if you remove one of the rocks, you're left with a lot of rocks (if there really are a lot of rocks, re-
moving one rock shouldn't make a difference).

Prove by induction that no finite number of rocks is a lot of rocks. This hopefully teaches you to be care-
ful with new definitions – just because we can define something doesn't mean it actually exists!

* I originally heard this problem from David Gries of Cornell University.
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Problem Five: Binomial Trees (3 Points)
A directed tree is a special kind of directed graph with the following properties:

• There is a special node called the root node with no incoming edges.

• Every node other than the root node has exactly one incoming edge.

If a node u has an edge to a node v, we say that u is the parent of v. Similarly, v is a child of u.

Binomial trees are a specific family of directed trees defined as follows: a binomial tree of order n is a
single node with n children, which are binomial trees of order 0, 1, 2, …, n – 1. For example, here are
pictures of binomial trees of orders 0, 1, 2, and 3:
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Prove by induction that a binomial tree of order n has exactly 2n nodes. Your proof should use to the for-
mal definition of binomial trees given above – if you want to use any other facts about binomial trees in
your proof of the main result, you will need to prove those other facts first.

Binomial trees are used as a building block in the binomial heap data structure, which can be used to effi-
ciently determine the smallest element out of a group of values. Binomial heaps form the basis for a huge
number of different data structures, such as the soft heap (used in a fast algorithm for the minimum span-
ning tree problem), the Fibonacci heap (used to implement fast versions of Dijkstra's shortest paths algo-
rithm), and several others. If you're interested in learning more about the binomial heap and its applica-
tions, consider picking up a copy of  Introduction to Algorithms, Second Edition by Cormen, Leiserson,
Rivest, and Stein or taking CS166.

Problem Six: Nim (4 points)
Nim is a family of games played by two players. The game begins with several piles of stones that are
shared between the two players. Players alternate taking turns removing any nonzero number of stones
from any single pile of their choice. If at the start of a player's turn all the piles are empty, then that player
loses the game.

Prove, by induction, that if the game is played with just two piles of stones, each of which begins with ex-
actly the same number of stones, then the second player can always win the game if she plays correctly.

Before trying to write up your answer to this question, we recommend playing this game with a partner
until you can find a winning strategy.
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Problem Seven: Colored Cubes* (4 Points)
Suppose that you have a collection cubes of n different colors. For simplicity we'll assume that the total
number of cubes you have is a multiple of n; specifically, let's suppose that you have kn total cubes, where
k is some natural number. For example, you might have 30 cubes of six different colors, in which case
n = 6 and k = 5. Alternatively, you might have 200 cubes of 40 different colors, where n = 40 and k = 5.

Now, let's suppose that you have n bins into which you can place the cubes, each of which holds exactly k
different cubes. Although it may not seem like it, it's always possible to distribute the cubes into the boxes
such that every box is full (that is, it has exactly k cubes in it) and that each box has cubes of at most two
different colors. Prove this fact using induction on n, the number of colors.

Some examples might help here. Suppose that n = 4 and k = 3, meaning that there are four different col-
ors of cubes, twelve total cubes, and four boxes that hold three cubes each. The goal is then to put the
cubes into the four boxes such that every box has exactly three cubes and contains cubes of at most two
different colors. If you have six yellow (Y) cubes, four green (G) cubes, one blue (B) cube, and one ma-
genta (M) cube, here's one way to distribute them:
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If you have four yellow (Y) cubes, four green (G) cubes, two blue (B) cubes, and two magenta (M) cubes,
you could distribute them this way:
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You may find the following fact useful: if you have nk total cubes, you're guaranteed that there's some col-
ors  C₁ and C₂ where there's at most  k cubes of color  C₁ and at least  k cubes of color  C₂. These colors
might be the same color.

We suggest working through some examples by hand and seeing if you spot a pattern. Once you have a
general approach for packing the cubes into the boxes, formalize it using a proof by induction.

The result you're proving in this problem forms the basis for the alias method, a fast algorithm for simu-
lating rolls of a loaded die. This has applications in machine learning (simulating different outcomes of a
random event), operating systems (allocating CPU time to processes with different needs), and computa-
tional linguistics (generating random sentences based on differently-weighted rules).

* This problem adapted from Exercise 3.4.1.7 of The Art of Computer Programming, Third Edition, Volume II: 
Seminumerical Algorithms by Donald Knuth.
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Problem Eight: Tournament Winners (5 Points)
Recall  from lecture that  a  tournament is  a  contest  among  n players.  Each
player plays a game against each other player, and either wins or loses the
game (let's assume that there are no draws). A tournament graph is a graph
representing the result of a tournament, where each node corresponds to a
player and each edge (u, v) means that player u won her game against player
v. A tournament for five players is shown to the left.

A tournament winner is a player in a tournament who, for each other player,
either won her game against that player, or won a game against a player who
in turn won his game against that player. For example, in the graph on the

left, players B, C, and E are tournament winners. However, player D is not a tournament winner, because
he neither beat player C, nor beat anyone who in turn beat player C. Although player D won against player
E, who in turn won against player B, who then won against player C, under our definition player D is not a
tournament winner. (Do you see why?)

Prove by induction that every tournament with at least one player has a tournament winner.

Problem Nine: Course Feedback (1 Point)
We want this course to be as good as it can be, and we'd appreciate your feedback on how we're doing.
For a free point, please answer the feedback questions available online at

https://docs.google.com/forms/d/1FQSDz-SJAV2Odul3Lpv0jy5h_crn9CaOIrrqvBfJJuk/viewform

We'll award full credit for any answers you give, as long as you answer all of the questions.

If you are working in a group, please have every member of the team fill this form out independently. We
read over this feedback to get a sense for how to tune and improve the course, so any and all feedback is
welcome.

Extra Credit Problem: Pie Fights! (1 Point Extra Credit)
Here's how a pie fight works: n ≥ 2 people, each of whom has a pie in their hands, stands in a big open
field. Everyone then throws their pie at the person closest to them. (To make sure that “the person closest
to them” is well-defined, let's assume that no two pairs of people are standing at the same distance from
one another). In the end, lots of people will end up covered in pie.

Here's a surprising result: in any pie fight with an odd number of people, at least one person won't have a
pie thrown at them. Prove this result by induction.

A

B

C

D

E
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